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ABSTRACT: We present a detailed simulation study of star polymers with many (6 I f 5 50) arms f. Each 
arm consists of N = 50,100, or 200 monomers. In most respects these show good agreement with the asymptotic 
scaling predictions of the Daoud-Cotton blob model. We report values for the universal ratios characterizing 
the scattering from such stars. We especially concentrate on many-arm properties and on deviations from 
recent scaling arguments and describe in detail anomalies in the structure factor. Because typical experimental 
systems have arm lengths that are on the border line to  the asymptotic behavior, we expect that our results 
are relevant for the interpretation of experiments for both star polymers and micellar solutions. 

I. Introduction 
Branched polymers are important in our understanding 

of gels and rubber. Star polymers, one special class of 
branched polymers, have only recently been more inten- 
sively studied' following the progress of synthesizing such 
systems which has been made during the last few years. 
Star polymers are macromolecules where linear homo- 
polymers are chemically attached to a seed or center 
molecule. The size of the seed is typically of the order of 
a bond length or somewhat larger but very small compared 
to the extension of the chains. Experimental stars were 
recently produced with up to 18 arms2 connected to a single 
center. While using linear polymers with associating end 
groups, one can even produce starlike structures with many 

Exxon Research and Engineering Co. * Universitat Mainz. 
f Institut fur Festkorperforschung der Kernforschungsanlage 

Julich. 

more arms.3 Theoretically the main interest up to now was 
concentrated on the asymptotic properties of stars in the 
limit of very long arms of N bonds per arm where the 
number of arms f is fixed. Although a scaling  the^@^ and 
several field theoretical approaches6-8 exist for such sys- 
tems, little is known theoretically about the scattering of 
such objects. The only numerical ~ t u d i e s ~ ~ ~ J ' J *  of these 
systems have concentrated on the critical exponents and 
the ratio of the mean-square radius of the star polymer to 
that of the linear polymer.12 They have not investigated 
the static and dynamic structure function. Even less is 
known for systems with relatively few bonds N but many 
arms f. For such systems scaling arguments become 
somewhat ambiguous, and no analytic treatment is 
available up to now. This regime is important in light of 
the recent progress in synthesizing new stars and is already 
relevant for the investigation of dilute micellar  structure^.^ 
For this reason, we have carried out a numerical and 
scaling study of star polymers in the regime where the 
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number of monomers per arm is not very large but the 
number of arms f is. 

In the present work, we will concentrate on the static 
properties of such star polymers with N = 50, 100, or 200 
bonds per arm and f arms (6  I f I 50). By the choice of 
these parameters we are able to cover the transition from 
very tenous objects cf = 6 and lo), which can be simulated 
on a lattice, up to rather dense and rigid stars cf = 40 and 
50), which cannot be simulated on a lattice easily. In order 
to simulate such systems, which have strong density 
fluctuations, we will use molecular dynamics methods.13 
Lattice Monte Carlo only allows for a few arms, while 
continuum MC runs into problems when dealing with 
systems with such strong density  fluctuation^.'^ 

In section 2, we describe the simulation method and the 
systems in detail. In section 3, we present our results and 
a comparison of our data with recent scaling theories, while 
section 4 contains a discussion of the static structure 
function S(q). In section 5, we describe our measurements 
of the relaxation of a single arm in the star and section 6 
contains our conclusions and proposes some experiments 
to test the ideas presented here. 

11. Method, Model, and Systems 
To simulate a star polymer with many arms, we use a 

molecular dynamics method in which the monomers are 
coupled to a heat bath.13 Thus we solve the equations of 
motion 
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d2ri d r  
dt2 dt  

m- = -VUi - r- + Wi(t) 

where r is the bead friction, Wi(t) describes the random 
force of the heat bath acting on each monomer and Vi is 
the potential. W,(t) is a Gaussian white noise with 

(wi(t)*wj(t 9) = 6ij6(t-t ? 6 k ~ T r / n  

The Einstein relation leads to a diffusion constant for an 
isolated bead of Do = k B T / r .  Further technical details are 
explained in ref 13. Each polymer consists of a seed mo- 
nomer that is connected with f linear arms. Each arm has 
N monomers, with one free end and one end attached to 
the seed monomer. We will refer to a star as f / N  to 
characterize the number of arms and number of monomers 
per arm. For comparison, we will also show results for a 
single linear chain of 50 or 100 monomers, which we refer 
to as 1/50 and 2/50, respectively. All monomers interact 
with a short-range repulsive Lennard-Jones potential, 
which vanishes beyond a distance 21/6u. An additional 
attractive force between nearest-neighbor monomers is 
added along the sequence of each arm. The parameters 
chosen are the same as in ref 13. The time step was At 
= 0.006~, where T = u ( m / ~ ) ~ / ~ .  Here Q is the unit of length, 
m is the unit of mass, and E is the unit of energy in the 
Lennard-Jones potential. The reduced temperature k B T / t  
was 1.2. The bead friction acts as coupling to the viscous 
background and was chosen to be I’ = 0.57-l. The average 
bond length between nearest-neighbor beads along the 
chain was 0 .97~ .  Our choice of parameters ensures that 
the bonds do not cut each other; this is important for 
future analysis of the dynamical properties of the stars. 

With this method15 we studied systems of N = 50 bonds 
per arm for f = 6 ,  10, 20, 30, 40, and 50 arms, as well as 
stars with N = 100 and 200 for f = 10. As we saw earlier 
during the test of the method for single linear and ring 
polymers, the single polymer chain with N = 50 bonds 
exhibits the asymptotic swelling exponent u for the end- 
to-end distance and the radius of gyration within a few 
percent. In the scaling regime the structure function S(q) 

, . ,  

. 
30150 50150 l o l l 0  

Figure 1. Projections of a typical configuration a star o f f  = 10, 
30, or 50 arms with N = 50 monomers per arm. The pictures give 
an impression of the increasingly homogeneous density in the 
30/50 and 50/50 systems while the 10/50 star obviously is gov- 
erned much more by single-chain properties. 

is proportional to q-lf”. For the isolated chain with N = 
50 we13 found u = 0.60, negligibly different from the best 
known asymptotic value u = 0.588.16 Taking this into 
account, we should be able to analyze the crossover from 
the scaling of a star polymer to that of a micelle. 

Special care had to be taken during the startup proce- 
dure of the simulation in order to avoid initial configura- 
tions where the monomers overlap too strongly and de- 
stabilize the simulation. First we started with the seed and 
connected straight lines consisting of 50 monomers with 
this seed. The straight parts radiated outward isotropi- 
cally. The length of the bonds was set to the potential 
minima. Any remaining monomers were then added as a 
self-avoiding random walk. These starting configurations 
then were equilibrated over times that are much longer 
than the longest relaxation time of an individual arm. This 
time is discussed in section 5 and is shorter than that for 
a single polymer chain of size N. The equilibrated stars 
were simulated for up to lo6 time steps. Figure 1 shows 
a projection of a typical configuration of a lo-, 30-, and 
50-arm star with N = 50. The calculated quantities are 
described in the next section. 

111. Results and Scaling Analysis 
In the course of the simulation the properties were av- 

eraged over many relaxation times of a single arm. For 
linear chains it is known that such a dynamic simulation 
gives very accurate results.I3 The following quantities were 
calculated: The mean-square end-center distance is 

where riJ refers to monomer j on arm i and site j = N is 
farthest from the center Po. The mean-square radius of 
gyration of the star is 

where the sum is over all ( N f  + 1) monomers and rcm is 
the center of gravity of the whole star molecule. We also 
measured the radius of gyration of each individual arm 
( R G , 2 ) .  In addition, the local density p(r) as a function 
of distance r from the seed monomer was determined as 
well as several scattering functions S(q), described below. 
In order to analyze our data we use the scaling ansatz of 
Daoud and C ~ t t o n . ~  In their picture the star consists of 
an inner meltlike “extended core region”, an intermediate 
region resembling a concentrated solution, and an outer 
semidilute region. Since our potential has no attractive 
interactions, we can simplify their relations. We do not 
find a regime where the “0-blobs” are larger than the 
correlation length. For our model we expect to find the 
self-avoiding walk properties as soon as the screening 
length clearly exceeds the persistence length (which is 
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about 1 . 4 ~  bond lengths). In order to investigate this 
intermediate regime, we would have to include attractive 
interactions and study systems with much longer arms. 
Otherwise one cannot distinguish between the three dif- 
ferent scaling regimes predicted by the scaling t h e ~ r y . ~ ~ ~  
An investigation of this regime is beyond the scope of the 
present work. Following ref 4, we then see that for the local 
properties of the stars we only have to consider the “core 
region” and the swollen region. 

For the system considered here with f 5 50, we do not 
expect to have a very large extended core region, because 
f l 2  < N. Therefore it is sufficient to consider the so-called 
“swollen regime”. The scaling results of Daoud and Cotton 
can then be rewritten with the dependency on the expo- 
nent u for the special case of no attractive interactions. For 
u we take Vd=3 = 0.59.15 Following Daoud and Cotton? we 
find for the local swelling parameter a(r)  

a ( T )  o: f-1/2+1/4vrl-1/2v = f-0.076r0.15 ( 3 4  

[(r) 0: rf-lj2 (3b) 

p(r) f ( 3 ~ 1 ) / 2 ~ r ( l - 3 u ) / v  = f0.65r-1.30 (34  

for the local screening length l(r) 

and for the local density p(r) 

Here r is the distance from the center of the star. Con- 
sequently one finds for the mean-square center-end dis- 
tance ( R 2 )  

Using (RG2) = 1/(Nf ) .f~R2)”2r2 p(r) d3r yields 

(R2)  o: Wuf1-v = p . 1 8 f O . 4 1  ( 4 4  

( R G 2 )  Wvf-’ (4b) 
To test whether it is sufficient to consider only the swollen 
regime, we first analyze the density p(r). Figure 2a gives 
the density profile p(r) vs. r for four stars with N = 50. In 
Figure 2b, we show the same data scaled as in eq 3c. In 
Figure 2c, we show p(r) for f = 10 for N = 50 and 100. The 
slope of In p(r) vs. In r is approximately 1.25, in reasonably 
good agreement with the expected value (1 - 3v)/v = 1.30. 
Even our most dense system (f = 50, N = 50) shows no 
significant deviation from the scaling form, Figure 2a. 
From this point of view the present systems clearly exhibit 
the scaling of the swollen stars and there is no need to 
consider in addition the core area. 

This scaling also should be exhibited by the radius of 
gyration and the center-end distance. Figure 3 gives a 
log-log plot of our results for ( R G 2 ) / ( R G 1 2 )  and (I?’)/ 
(RG12) vs. f ,  where (RG12) is the radius of gyration for a 
single polymer chain of N monomers. Also shown are 
experimental results% for (RG2)/ (RGI2) for polystyrene and 
polyisoprene. For large N, these two ratios must converge 
to a universal function o f f  that is independent of the 
composition of the chains. Results for (RG2)/(R~12) for 
f = 10 and N = 50,100, and 200 indicate that by N = 50 
this universal function off has been attained. This view- 
point is strongly supported by the agreement with the 
experimental results2’ In Table I are given the values of 
(RG2), (RG,2), and ( R 2 ) ,  and the number of configurations 
M averaged over.17 The configurations averaged over were 
chosen 100At apart and therefore are not completely sta- 
tistically independent. However from examination of the 
statistical fluctuations averaged over 6-10 subintervals, the 
data should be accurate to better than 2%. As can be seen 
from Table I, (RG:) is only very weakly dependent on f. 
( R G 2 )  and ( R 2 )  clearly follow a power law with a slope of 
approximately 0.39 f 0.03, within the error bars of the 
expected value of (1 - v) = 0.41. The universal ratio 
(&2)/((RC12)f1-v) has the value 1.55 f 0.05 using the re- 
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Figure 2. (a) log-log plot of density p(r)  vs. r for (top to bottom) 
the f = 50-, 30-, 20-, and 10-arm stars with N = 50 monomers per 
arm. @) Scaling plot of p(r)/PBs w. r for the same four stars shown 
in (a). (c) log p(r) vs. log r for two 10-arm stars with N = 50 and 
100. 

Table I 
Radius of Gyration of the Entire Star (RG’), Radius of 

Gyration of a Single Arm (RG?), Mean-Square End-Center 
Distance (R’), and Ratio of (Ro2) ) / (RZ)  for the Star 

Polymers Studied 

2 j 5 0  
6/50 

10150 
20150 
30150 
40150 
50150 

10/100 
l0/200 

40000 
10000 
6600 
3100 
2600 
800 

1500 
4500 
3500 

58.0 
87.3 24.7 

102.2 25.4 
125.6 27.4 
148.1 28.6 
163.8 
179.2 32.5 
226.9 62.5 
548.2 135.3 

190.8 0.46 
207.8 0.49 
246.5 0.51 
290.6 0.51 
321.9 0.51 
347.6 0.52 
450.5 0.50 

1039.7 0.53 

Number of c~nfigurations,’~ taken 100At apart, over which the 
quantities were averaged. 

sults with N = 50 and for the stars with a large number 
of arms f = 30, 40, and 50. For small f ,  <20, we find a 
significant deviation, particularly for ( R 2 ) .  One can ex- 
plain this overshooting for small f by crossover effects from 
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Figure 3. Radius of gyration ( R G ~ ) / ( R G ~ )  and average square 
end-center distance (R2)/ ( R o t )  vs. f, where (RG1’) is the radius 
of gyration for a single polymer chain of N = 50 monomers. The 
solid squares are data for polystyrene and polyisoprene from ref 
26. The solid line indicates the predicted asymptotic power, 0.41. 

0.0 1 I I I -7 
0 10 20 30 4( 

i 
Figure 4. Bond orientation (i(l)&)) vs. j, the chemical distance 
from the center along the arm for N = 50 and f = 10,20,30, and 
50. The inset shows results for f = 10 and N = 50 and 100. The 
two curves in the inset are identical for j 5 25. Then the cor- 
relation for the N = 50 system breaks down, while the slow decay 
for the 10/100 star persists. This indicates that the internal 
orientational structure is independent of the length of the arm 
but depends strongly on f .  

the (fM2” law for f = 1 and 2 to the Wf-” for f >> 1. The 
intermediate range thus shows a weaker f dependence. 
Note that the ratio (Rc2) / (R2)  steadily increases for small 
f and is clearly larger than the value 21/2/6 for the random 
walk star. This value should be in the limit of small f 
approximately 2”6 for a self-avoiding star. The upper 
limit is the homogeneously filled hard sphere for which 
(RG2) / (R2)  = 3/5. 

The confinement produced by the other arms forces an 
effective stretching of the individual arm. Thus we expect 
a stronger correlation of bond orientations for the stars 
than for free chains. This_canPe seen from Figure 4, where 
we show our results for (l(l)$j)) vs. j ,  the distance from 
the cehter of the star, where 10‘) = (rtj - rii+l)/lrij - rLi+‘1. 
As expected, the decay with distance from the center de- 
cays more slowly as f increases. For the ideal case of a 
chain in a cone, it is easy to estimate the decay of the bond 
correlation. Let the first bond define the cone axis. At 
a distance r from the center the diameter of the cone is 
given by [ ( r ) .  A blob of size [ ( r )  contains ( ( r ) l / v  monomers, 
which have to span the distance ((r) along the cone axis. 
Thus, as long as t(r) < E(R), we find that the bond cor- 
relation 

which gives after inserting eq 4 
(i(o).i(r) ) 0: (rf-1/2)(1-1/u) ( 5 4  

(f(1)J~)) a j ~ 1 + 1 - ~ ) / 2  (5b) 

qg) 
Nf 

I I I 
I I I -c 
1 f’“(q-’ A) 

qR 
Figure 5. Schematic log-log plot of S(q)/Nf vs. qRG to show the 
scaling regimes for large Nand f. The three characteristic lengths 
in the text appear as breaks in the curve. The scaling of these 
is indicated. 

However, analysis of the data shows that the single-cone 
picture is not sufficient. The chains are not simply con- 
fined to a single cone. With increasing f this confinement 
is more nearly fulfilled. This results in an effectively larger 
f dependence than that predicted by eq 5b. In agreement 
with the predicted dspendence on the chemical distance 
along the chain (l(l)-lG))/jpl shows a plateau for j < N/2; 
for large f ,  f = 30 and 50. For j > N/2, the argument for 
the confinement of the succession of blobs is no longer 
valid. This point is clearly demonstrated in the inset of 
Figure 4, where we compare the bond correlation for the 
10150 and 10/100 stars. 

IV. Struc ture  Functions 
The Daoud-Cotton picture of the star polymer allows 

us to anticipate the behavior of its structure function S(q) 

where the sum is over all (Nf + 1) monomers. The scaling 
regimes are limited by three characteristic lengths: the 
radius R of the star, the correlation length [ (R)  of the 
largest blob and the monomer size u. As noted above, [(R)  
scales as Rf-1/2. For qR < 1, S(q) has the normal Guinier 
behavior: S(q) = N f [ l  - q2(RG2)/3 + o ( q 4 ( R ~ 2 ) 2 ) ] .  For 

C q < u-’, it is convenient to understand the scat- 
tering by covering the polymer with spheres of radius q-’. 
In the absence of strong correlations between the positions 
of the spheres, these scatter incoherently. The resulting 
scattering intensity NfS(q)  is the number of spheres times 
the average structure function for a single sphere. In the 
star polymer, the great majority of these imaginary spheres 
are contained within blobs much larger than the spheres. 
The contents of each sphere and the correlations between 
spheres are thus nearly the same as in a simple excluded 
volume polymer. This gives a fractal scattering lawla S(q) 
a q-’/’’, independent o f f  and N.  The only difference in 
the star’s S(q) comes from a small volume near the center, 
where there are blobs smaller than q-l. 

Between q N R-I and q e [(R)-l, S(q) must fall from 
about Nf N ([(R)/a)’’”(R/[(R))d to about ([(R)/u)l’”. The 
limiting S(q) in the Guinier (qR < 1) and fractal (q[(R) 
> 1) regimes are connected by a power law q-d, as shown 
in Figure 5.19 

The actual scattering for R-‘ < q < t(R)-’ does not follow 
this q-d “envelope”. In this regime, the scattered wave- 
length q-’ is larger than the largest blob, and the polymer 
chain structure is invisible to the scattering. S(q) is es- 
sentially unaffected by moving the elementary scatterers 
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Figure 6. (a) S(q) vs. qu for five star polymers with f = 10-50 
for N = 50. Also shown are the results for two linear polymers 
with 50 and 100 monomers. The data has been offset for clarity. 
(b) Same data as in (a) plotted without offsetting to show that 
the results for high q lie on top of one another. Results for 
S(q)/S(O) vs. qR for a homogeneous sphere are shown as an inset 
to (b). 

a distance less than about q-l, so that the monomers may 
be dispersed throughout their blobs without altering the 
Scattering. What remains is a smooth density profile, a 
cloud of uncorrelated scatterers with a r-(1-3u)/u density 
profiie. In the simplest Daoud-Cotton picture, the density 
at the outer limits of this cloud fails off with a skin depth 
of order k(R) q-l. The scatterers are confined in a 
spherical region of roughly uniform density, whose radius 
is well defined to +(R).  Such a spherical region gives rise 
to the classical hard-sphere scattering pattern shown in 
the inset to Figure 6b. The oscillations are superimposed 
on a q4-’ Porod envelope. Experimentally the oscillations, 
which depend on the radius R being the same for all 
polymers in the sample, would often be washed out by 
polydispersity effects. 

This Porod scattering falls off rapidly with increasing 
q. Ultimately, it falls below the incoherent scattering from 
the Daoud-Cotton blobs. For q < E(R)-’ these are expected 
to scatter like a semidilute solution with correlation length 
k(R).  Thus S ( q )  becomes constant for q [ ( R )  C 1: S ( q )  
( ~ ( R ) / C T ) ~ / ” .  The Porod scattering becomes equal to this 
constant for qR E fd/(2(d+1)) or q t ( R )  N f-1/(2(d+1)). This q 
defines a fourth characteristic length needed to separate 
the scaling regimes. 

We tested these predictions by computing the S ( q )  for 
our simulated stars. In order to obtain good statistics 30 
q vectors were chosen randomly from a sphere of radius 
Iql for each configuration. We averaged our results over 
1000-5000 star configurations 100At apart. Figure 6 gives 
the total structure factor S ( q )  for a star polymer with f = 
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Figure 7. S(q) vs. qa for the 10/200 and 10/50 star. 

10-50 for N = 50 and for two single linear polymer chains 
with N = 50 and 100, labeled 1/50  and 2/50 ,  respectively. 
In Figure 6a, the results have been offset for clarity. In 
Figure 6b, we present the same data without offsetting to 
show that the results for high q lie on top of each other, 
as expected from the scaling analysis above. In this regime, 
the q dependence appears to approach the predicted q-ll” 
law; however for large f ,  v seems to be larger than expected, 
u = 0.65 f 0.05. A second universal ratio S(q) X 
(q2 (RG2) )1~2uf3 /2 -1~zu /S(0 )  = 1.4 f 0.4 in this q regime if we 
used the correct value of v = 0.59. In Fikure 7, we present 
results for S(q) for the 101200 star compared to the 10/50 
star. 

Note that as the number of arms increases, S(q) becomes 
more structured and falls off very strongly. A “terraced” 
behavior is also seen for large f, The steps, as indicated 
by the arrows, occur a t  27rn/(R2)’12, n = 1 , 2 ,  .... For f = 
50 one can find two steps. These periodic steps suggest 
a rather sharp cutoff in the monomer density at radius R .  
Indeed, if one calculates S ( q )  of a homogeneous sphere of 
a given radius r one finds 

On the average S ( q )  shows the well-known dominant q-4 
behavior. But the q-4 slope only describes the envelope 
of the maxima in [- cos x + (sin x)/xI2, which approaches 
a periodicity of 2 r / R  for x >> 1 .  This can be seen from 
the inset of Figure 6b, which shows a plot of eq 7. For the 
present systems, only for f = 50 do we see some agreement 
to the overall q-4 dependence. Similar results have not 
been seen experimentally because starlike polymers with 
f as large as we have studied here do not exist at present. 
However i t  should be possible to make such systems ex- 
perimentally, especially for micellar systems. There exists 
already one class of systems which exhibits a similar be- 
havior. In a recent neutron scattering experiment Richter 
et a1.20 measured the static structure factor of so-called 
“tree-like microgels” where the number of cross-links varies 
from 0 to 0.01 per monomer. These systems exhibit an 
S ( q )  that is very similar to the one we observe. In order 
to explain the similarities in more detail, of course more 
work is needed, both from theory and experiment. 

Another important question is the behavior of a single 
arm of the star. This can be studied by measuring the 
structure function S,(q) of a single arm. Figure 8 shows 
the single-arm scattering function S,(q)  for N = 50 and 
f = 10-50. In Figure 9, we show Sa(q)  for f = 10 with N 
= 50 and 200. For large q all the different systems show 
a power law behavior. For free chains one expects a S(q) 

q l / “  behavior. The slopes of the high-q part of S,(q)  in 
Figure 8 exhibit a power law with an effective v of v = 0.63 
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Figure 8. Single-arm scattering function Sa@) vs. qu for four 
stars with f = 10-50 and N = 50. For comparison, we have also 
plotted the results for a linear chain of 50 monomers (1/50). 
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Figure 9. Sa(q) vs. qu for the 10/200 and 10/50 stars. 

for f 1 10, while the high-q part of Sa(q) for the 10/200 
star (Figure 9) gives v = 0.61. As expected, as N increases, 
the effective value of Y approaches 0.59. This is in good 
agreement with the scaling behavior of the center-end 
distance observed in Figure 3b. But there is one difference. 
At larger distances a different regime is developing with 
increasing number of arms f .  A similar effect was seen for 
chains confined to a straight tube.2l The fact that the arms 
are effectively confined to some kind of cone can be seen 
even more clearly by calculating Sa(q) for the inner and 
the outer half of a single arm, as seen below. 

Since we have the monomer positions, it is possible to 
measure other structure functions in addition to the total 
and single-arm S(q)'s discussed above. This is done by 
labeling parts of the chain, exactly as is done experimen- 
tally by hydration or deuteration. By labeling only the 
inner N / 2  or outer N / 2  monomers of each chain, we can 
measure the contribution of the scattering function from 
the inner core regime or the outer monomers which are 
nearly free-chain-like. Results for the inner and outer 
contributions to the total structure function S(q) are shown 
in Figure 10 for six stars. Similar results for the inner and 
outer components of S,(q) are shown in Figure 11. 

V. Relaxation Phenomena 
Our simulation gives information about the relaxation 

dynamics of star polymers. We will explore this subject 
further in a forthcoming paper. Here, we report only the 
simplest relaxation phenomena to show how the simulated 
stars approach equilibrium. We monitored the fluctuations 
in the end-center distance R and in the radius of gyration 
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Figure 11. Partial static structure functions S,(q) vs. qu de- 
termined by scattering from only the inner N / 2  monomers of a 
single arm (closed circles) or from the outer N / 2  monomers of 
a single arm (open circles). 

R,, of each arm. Then we constructed the autocorrelation 
function CR( t )  defined by 

c ~ ( t )  E ( (R(t)R(O))  - ( R ) ' ) / ( ( R ' )  - ( R ) ' )  (8) 

The averages (...) are over initial states (t = 0) taken 20At 
apart and over all f arms. Thus CR( t )  decays from 1 to 0 
as t goes from 0 to infinity. We measured the analogous 
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Table I1 
Relaxation time T= for the End-Center Distance R and 

Single-Arm Radius of Gyration RGa as Determined 
from eq 9 

f / N  Ma TR T R ~ a  

6/50 20 000 56.3 41.6 
10150 10 000 58.0 58.8 
20150 10 500 59.8 58.8 
30150 10 000 66.0 67.2 
50/50 6 250 57.8 59.8 

10/100 10 000 237.4 236.7 

The number of initial states, chosen 20At apart, that C&) was 
averaged over. 

function C,(t) for the radius of gyration RGa. 
We may use the Daoud-Cotton4 picture to anticipiate 

the behavior of CR(t). We estimate the center-end distance 
fluctuations by considering a single arm confined to a cone. 
In this system, as in a simple stretched chain,22 the fluc- 
tuations in the total length arise from independent fluc- 
tuations of order within each blob. Thus the end-end 
distance23 fluctuates by an amount [(R/E)1/2. For the star, 
E N Rf-li2, so that we expect ( ( R 2 )  - (R)2 )  N (R)2f-1/2. We 
expect the relaxation of R to occur in two stages. First, 
local motions of the outer blob containing a given end can 
relax its position in a time Tb of the same order as the 
relaxation time for such blobs in isolation. In our simu- 
lations, this Tb is the Rouse timez4 for such a blob: Tb N 

t 2g .  Here g N t l /v  is the average number of monomers in 
the blob. From the Daoud-Cotton construction, this g 
Nf-1/2. Thus 7 b  N (Nf-1/z)2v+1 C+ w.18f-1.0g, This initial 
relaxation should permit relaxation over a distance of order 
E ;  for large f this is a small fraction of the total relaxation. 
Further relaxation requires concentration fluctuations to 
move over distances of order R. This relaxation should 
be diffusive, with a diffusion constant of order E2/Tb. For 
relaxation to occur at  a scale R should thus require a time 
T~ of order Tb(R/t)' N lvz.lsf-O.Og. 

In a real star in solution, hydrodynamic interactions 
modify the local relaxation. The relaxation time for a blob 
is now a Zimm time r b  = a / [ (k ,T)E3] ,  where 7 is the vis- 
cosity of the solvent medium. Relaxation at  larger scales 
should occur by cooperative diffusion as in a semidilute 
solution. The relaxation time rR for the star is again given 
by rR = Tb(R/E)2 .  Using this formula, one deduces that 
the relaxation of the star is on the order of f / 2  times faster 
than that of a linear chain of the same radius of gyration. 

For complete relaxation of the star, including topological 
rearrangements of the arms, a further process is required. 
This rearrangement would affect the relaxation of, e.g., the 
distance between two ends. But we do not expect it to 
affect the single-arm autocorrelations that we measured. 
It would be of great interest to explore the motions leading 
to this rearrangement. 

The observed correlation functions CR( t )  for the end- 
center distance and for the radius of gyration of a single 
arm are consistent with the behavior anticipated from the 
above discussion. Figure 12 shows that the relaxation is 
expontential with a characteristic time TR. We see no 
evidence for the initial time Tb. As shown in Table 11, the 
final relaxation time depends imperceptibly on f and is 
consistent with the weak f-O.@' dependence predicted. The 
relaxation time iR can be determined either from the slope 
of In C,(t) vs. t for long times or by 

TR = JC,(t) dt  (9) 

We used both methods and give similar results to within 
10%. Since we do not measure the complete decay of 
C,(t), the integration was carried out numerically only 

0 10 20 30 40 50 70 -1.21 ' 1 1 ' I 

f / T  

Figure 12. Autocorrelation function C R ( t )  for the end-center 
distance (solid lines) and single arm radius of gyration (dashed 
lines) for four stars of size 10/50,20/50, 30/50, and 50/50. Note 
that the relaxation time is essentially the same for all four. 

from 0 to 607. The contribution from 607 to infinity was 
added by assuming that CR(t )  decayed exponentially for 
long times. The same type of behavior is observed in the 
relaxation of the radius of gyration. As seen from Table 
I1 and Figure 12, the relaxation time iR is essentially the 
same for the end-center distance and the radius of gyration 
of a single arm. The N dependence of iR appears roughly 
quadratic, as anticipated. The amplitude of ( R2)  / ( R ) z  - 
1 also shows a dependence of approximately f-0.4, less than 
the predicted f-lI2 dependence. However, we do not know 
if this is the asymptotic result for very large f .  

In a future publication we will investigate additional 
relaxation processes, which might be dependent on topo- 
logical rearrangements. Thus we have no evidence that 
our stars have relaxed topologically from their initially 
disentangled state. 
VI. Conclusions 

To conclude, we have presented a detailed numerical 
and analytical study of the properties of star polymers with 
many but relatively short arms. The arms are long enough 
to exhibit, as single free chains do, asymptotic behavior. 
By the use of a recently developed molecular dynamics 
technique, we were able to cover the whole area from a few 
arms ( f  = 6 and 10) up to many (f = 50) arms. Because 
of the strong density fluctuations standard Monte Carlo 
methods are not capable of providing data for this range 
of systems. I t  turns out that the overall properties, de- 
scribed by (RG2) and p(r) even for the dense systems are 
very well described by the scaling p i c t ~ r e . ~ ? ~  If one looks 
more closely at  the single arm there are deviations. S(q) 
of a single arm indicate that the chains are more stretched 
than expected. This can be explained by the use of the 
blob picture as illustrated in ref 4. Properties such as 
( R G 2 )  of the overall star are not affected by the question 
of whether an individual strand of the star is confined to 
its cone built by the other strands. Consequently it is not 
necessary that each single arm is a succession of growing 
blobs. The only condition for the scaling is that the overall 
relation f equals the number of cones is fulfilled. It will 
be one of the important questions during a more detailed 
investigation of dynamical properties whether these "fixed 
entanglements" are realistic and thus crucial for dynamical 
properties. 

Another scaling property left unexplored in our study 
is the partition function exponent ~ ( f ) . ~ ~  To estimate the 
exponent ~ ( f )  one of course needs a method that counts 
all possible states (see, e.g., ref 11). Otherwise one finds 
a y that might depend on the (numerical) history of our 
star polymer. Irrespectively of this discussion there are 
other aspects that are very important for various systems. 
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We think that if such stars can be synthesized, it is real- 
istic. As mentioned in the text, recently investigated 
microgels20 show qualitatively a very similar behavior. 
Because of their chemical structure, they have this typical 
cutoff in the size and S(q) looks very similar to our results 
for large f. Another interesting check of our simulation 
will be possible when stars are produced with marked arms 
or partially marked arms. Then one should be able to 
reproduce all the different S(q)'s presented here by real 
experiments. Finally we want to mention that the results 
of Figure 10 should be reproducible not only by block 
copolymer stars but also by small micelles. If we take the 
50/50 star this would correspond to a flexible shell of a 
flexible sphere, built by the 50 small chains, each consisting 
of N = 50 monomers. 

The present investigation gives an intriguing first im- 
pression on the problems and properties of many-arm star 
polymers and related chemical systems such as treelike 
microgels. We hope that our results will lead to both new 
theoretical and experimental studies in this very interesting 
field of polymer science. 
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